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Abstrat
Abelian duality on the losed three-dimensional Riemannian man-
ifold M3 is disussed. Partition funtions for the ordinary U(1) gauge
theory and a irle-valued salar eld theory on M3 are expliitly al-
ulated and ompared. It is shown that the both theories are mutually
dual.
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1 Introdution
At present, Abelian duality is a lassial theme in (quantum) eld theory. In
four-dimensional ase, there are two well-known papers on eletri-magneti
(or S-duality) in Abelian gauge theory, viz. [1,2℄. In three dimensions, one
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ould ite the other two papers, [3℄ and [4℄, but unfortunately, neither is fully
omprehensive nor satisfatory. The rst one ([3℄) laks expliit formulas
for the partition funtions and a denite onlusion, whereas the seond
one ([4℄) laks suient generality and topologial aspets are there largely
ignored. Moreover, the both are seemingly ontraditory: [3℄ suggests exat
(i.e. without any oeients) duality between Abelian gauge eld and salar
eld, whereas the orresponding partition funtions alulated in [4℄ markedly
dier.
The aim of this short work is to ll the gap and larify some points (the
reader is advised to onsult the above-mentioned papers for more details
whih are not repeated here). In partiular, we will expliitly alulate the
both partition funtions and we will show the mutual duality of the both
theories.
2 Partition funtion of the Abelian theory
We onsider the onneted orientable three-dimensional Riemannian (of Eu-
lidean signature) manifold M3. The ation of U(1) gauge theory on M3 is
dened by
S[A] =
1
4pie2
∫
M3
FA ∧ ∗FA = 1
8pie2
∫
M3
d3x
√
g FijF
ij, i, j = 1, 2, 3, (1)
where Fij = ∂iAj − ∂jAi (FA = dA), e is the oupling onstant (e > 0), and
gij is the metri tensor on M3. A standard form of the partition funtion is
ZA =
∫
DAe−S[A], (2)
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where DA denotes a formal integration measure with respet to gauge non-
equivalent eld ongurations, i.e. the FaddeevPopov proedure is applied.
The partition funtion onsists of several fators: (1) Zdet  produt of
(regularized) determinants, (2) Zclass  sum over the lassial saddle points,
(3) Zvol  the volume of the spae of lassial minima, (4) Z0  a ontribu-
tion from zero modes.
The form of Zdet, oming from Gaussian integration with respet to gauge
elds and ghosts, is rather standard, i.e.
Zdet =
det′∆0
det′1/2∆1
, (3)
where the prime denotes removal of zero modes and possible regularization
of the determinant, ∆0 is a Laplaian ating on zero-forms (FaddeevPopov
ghosts), and ∆1 is a Laplaian ating on one-forms (gauge elds). Obviously,
Zdet is independent of the oupling onstant e
2
and physially orresponds
to quantum utuations.
The lassial part represents the sum over lassial saddle points,
Z
(A)
class =
∑
e−S[Aclass], (4)
where Aclass are loal minima of the ation (1) orresponding to dierent line
bundles. For non-trivial seond homology of M3 we have the eld ongu-
rations with non-zero ux,
∫
ΣI
F = 2pimI , mI ∈ Z, (5)
3
I = 1, ..., b2 = dimH2(M3). Then the solutions of the eld equations an be
represented by the sum
F = 2pi
∑
I
mIωI , (6)
where ωI span an integral basis of harmoni two-forms with normalization∫
ΣI
ωJ = δ
I
J . (7)
Inserting the expansion (6) into the partition funtion (4) we obtain
Z
(A)
class =
∑
mI
e−S[m
I ]. (8)
Here
S[mI ] =
pi
e2
∑
I,J
GIJm
ImJ , (9)
with
GIJ =
1
2
∫
M3
d3x
√
g ωIijω
ij
J . (10)
The volume of the spae of lassial minima is determined by a disjoint
union of tori (one for eah torsion element of Tors(H1(M3))) of dimension
b1(M3) [1℄, that is, in our ase,
Zvol = |Tors(H1)| · (2pi)b1 · V, (11)
where the expliit form of V is given by the metri on the torus. Sine the
metri is determined by the zero modes (whih are tangent to the torus [1℄),
we have (see, Eq.(3.5.5-6) in [5℄)
V = det1/2HPR, (12)
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where H is dened by Eq.(25).
Finally, the ontribution from zero modes is
(2pie)b0−b1V 1/2 = (2pie)1−b1V 1/2, (13)
where b0 orresponds to FaddeevPopov ghosts, b1 is related to Abelian gauge
elds, whereas the presene of the volume term V of M3 follows from the
normalization of the salar (ghost) zero mode. Atually, we should divide this
by 2pi to obtain an agreement with a diret alulation of the path integral
(this is expliitly demonstrated by onsidering a simple nite-dimensional
example in Appendix of [6℄). Thus,
Z0 =
1
2pi
(2pie)1−b1V 1/2. (14)
Colleting all the above terms, i.e. Eq.(3), Eq.(8), Eq.(11) and Eq.(14),
we obtain an expliit form of the partition funtion for the three-dimensional
U(1) gauge theory,
ZA =
e1−b1
V 1/2
|Tors(H1)|det1/2H det
′∆0
det′1/2∆1
∑
mI
e−S[m
I ], (15)
with S[mI ] dened by Eq.(9).
3 Partition funtion of the salar theory
In this setion we will alulate the partition funtion of the three-dimensional
(single-omponent) salar eld theory on M3. In priniple, we have the two
possibilities: we ould onsider an ordinary salar eld assuming values in R
5
or a irle-valued salar eld with values in S. A short reetion suggests the
seond possibility. First of all, for ordinary salar eld we would not have
a hane to reprodue the reah topologial lassial setor of the form (8).
Anyway, R-valued theory an be onsidered as a topologially trivial setor
in the irle-valued one.
The ation of the salar theory is of the form
S[φ] =
e2
4pi
∫
M3
Eφ ∧ ∗Eφ = e
2
4pi
∫
M3
d3x
√
g EiE
i, (16)
where Ei = ∂iφ (Eφ = dφ), with φ ∈ [0, 2pi). The rest of the notation is
analogous to the one used in the previous setion. The partition funtion for
the salar theory,
Zφ =
∫
Dφ e−S[φ], (17)
an be alulated aording to the sheme proposed for ZA.
The determinantal part onsists of the only one determinant oming from
non-zero modes of the salar eld,
Zdet = det
′−1/2∆0. (18)
As far as the lassial part is onerned, we have
Z
(φ)
class =
∑
e−S[φclass], (19)
where, analogously to Eq.(4), the sum is taken over the lassial saddle points.
But this time, for non-trivial rst homology of M3 we have the eld ong-
urations with non-zero irulation,∫
CP
E = 2pinP , nP ∈ Z, (20)
6
with P = 1, ..., b1 = dimH1(M3). Then, the solutions of the eld equations
an be expressed by the sum
E = 2pi
∑
P
nPαP , (21)
where αP span an integral basis of harmoni one-forms with the normalization
∫
CP
αR = δ
P
R . (22)
Inserting the expansion (21) into the partition funtion (19) we obtain
Z
(φ)
class =
∑
nP
e−S˜[n
P ], (23)
where this time
S˜[nP ] = pie2
∑
P,R
HPRn
PnR, (24)
with
HPR =
∫
M3
d3x
√
g αPiα
i
R. (25)
The volume of the spae of lassial minima, whih is the target spae for
this model (the irle S), is
Zvol = 2pi, (26)
and the zero-mode ontribution (from a single zero mode of the salar eld),
Z0 =
e
2pi
V 1/2. (27)
The nal shape of the partition funtion as the produt of Eq.(18),
Eq.(23), Eq.(26), and Eq.(27) assumes the form
Zφ = eV
1/2det′−1/2∆0
∑
nP
e−S˜[n
P ], (28)
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with S˜[nP ] dened by Eq.(24).
4 Duality and nal disussion
To show duality, at least in some limited sense, of the U(1) gauge theory
and the irle-valued salar eld theory, we should perform a Poisson re-
summation of the lassial part of the partition funtion of the gauge eld,
Eq.(8), to onvert it into an expression proportional to the lassial part of
the partition funtion of the salar eld, Eq.(19).
The Poisson resummation of Eq.(8) provides
Z
(A)
class = det
−1/2(e−2G)
∑
mI
exp[−pie2
∑
I,J
GIJmImJ ], (29)
where GIJ is the inverse matrix toGIJ (G
IKGKJ = δ
I
J). Inserting the identity
(48) from Appendix,
GIJ = QIPHPRQ
JR, (30)
into the exponent of Eq.(29), and next using the modular property of the
θ-funtion [7℄, we get
Z
(A)
class = e
b2 det−1/2(GIJ) det
−1/2(QKP )Z
(φ)
class = e
b2 det−1/2QPI Z
(φ)
class. (31)
The presene of determinants of Laplaians signals the appearane of the
ReidemeisterRaySinger torsion. In general ase, the ReidemeisterRay
Singer torsion is a produt of the two terms (see, Appendix B in [8℄): the
well-known analyti or determinantal term,
τa(M3) = det′−3/2∆0 det′1/2∆1, (32)
8
and a metri (or ohomologial) term,
τm(M3) = det−1/2G(0) det1/2G(1) det−1/2G(2) det1/2G(3), (33)
where
G(i) =
∫
α(i) ∧ ∗α(i), (34)
with α(i)  an integral basis of harmoni i-forms. In our notation α(0) = 1,
α(1) = {αP}, α(2) = {ωI}, α(3) = V −1/2, and orrespondingly, G(0) = V ,
G(1) = HPR, G(2) = GIJ , G(3) = 1/V . Then
τm(M3) = 1
V
det1/2H det−1/2G, (35)
and alulating determinants of the both sides od Eq.(49) yields
τm(M3) = 1
V
det1/2QIP . (36)
Now, we obtain from Eq.(15) and Eq.(31)
ZA = e
1−b1 |Tors(H1)| τ(M3) det1/2HPR det′−1/2∆0 V 1/2eb2 det1/2QPI Z(φ)class,
(37)
and nally
ZA = |Tors(H1)| τ(M3) det1/2QIP Zφ, (38)
whih onstitutes our generalized duality relation. In the ase of b1 = 0, sine
the ReidemeisterRaySinger torsion of the trivial representation is equal to
|Tors(H1)|−1 (see, Footnote 4 in [9℄), and detQ = 1, we get a simpliation,
ZA = Zφ. (39)
9
The authors are very grateful to the referee for his helpful remarks on-
erning the torsions and the Poisson resummation allowing to avoid several
serious errors present in the previous version of the paper.
5 Appendix
Let us reall
GIJ =
∫
ωI ∧ ∗ωJ , HPR =
∫
αP ∧ ∗αR, (40)
where
ωI ∈ H2(M3,Z), αI ∈ H1(M3,Z), (41)
and
∗αP = QIPωI , ∗ωI = QPI αP . (42)
Sine
αP = ∗ ∗ αP = QIP ∗ ωI = QIPQRI αR, (43)
we have
QIPQ
R
I = δ
R
P . (44)
Now, from (see, Eq.(40) and (42))
GIJ =
∫
ωI ∧ ∗ωJ = QPJ
∫
ωI ∧ αP (45)
it follows that
GIJQ
J
R = δ
P
R
∫
ωI ∧ αP =
∫
ωI ∧ αR ≡ QIR. (46)
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Then
GIJ = QIPQ
P
J , (47)
and analogously for HPR. Consequently, we an manipulate the indies I, J
with the metri tensor GIJ , and the indies P , R with HPR. Thus, from (47)
we nally dedue that
GIJ = QIPQJP = Q
IPHPRQ
JR. (48)
Let us write down another useful identity,
GIJQPJHPR = Q
I
P . (49)
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